arXiv:l508.0754lvl [math.PR] 30 Aug 2015 


Moment estimates for chaoses generated by symmetric 
random variables with logarithmically convex tails 
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Abstract 

We derive two-sided estimates for random multilinear forms (random chaoses) gen¬ 
erated by independent symmetric random variables with logarithmically concave tails. 
Estimates are exact up to multiplicative constants depending only on the order of 
chaos. 
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1 Introduction and Main Results. 


In this paper we study homogeneous chaoses of order d, i.e. random variables of the form 


S 


n 



(i) 


where X\,... ,X n are independent random variables and (0^,...,^) is a multiindexed sym¬ 
metric array of real numbers such that = 0 whenever = ii for some k 7^ l. 

Chaoses of order d = 1 are just sums of independent r.v’s. There are numerous classical 
results providing bounds for moments and tails of S in this case (such as Khintchine, 
Rosenthal, Bernstein, Hoeffding, Prokhorov, Bennett inequalities, to name a few). However 
the situation is more delicate if one looks for two-sided estimates. In [ 7 ] two-sided bounds 
for Lp-norms ||Sj| p = (ElSy) 1 /^ were found in quite general situation. Namely, for any 
p> 2 and mean zero r.v’s V,; a deterministic function f p (a\,... ,a n ) was constructed such 
that 


q fp( a 1 j • • • > a n ) ^ 




i=1 


— Cfp(a 1,..., o n ), 
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where C is a universal constant. Strictly related question concerning two-sided bounds for 
tails of \S\ was treated in [5J. 

The case d > 2 is much less understood. In [8] two-sided estimates for moments of 
Gaussian chaoses were found. In [IJ moment bounds were established in the case when 
d < 3 and Xj are symmetric with logarithmically concave tails and for chaoses of arbitrary 
order generated by symmetric exponential r.v’s. The main purpose of this note is to 
study the case of symmetric variables with logarithmically convex tails, i.e. r.v’s such 
that functions t H > — lnP(|Xj| > t) are convex on [0,oo). The class of variables with 
logconvex tails includes in particular variables with exponential and heavy-tailed Weibull 
distributions. 

Observe that symmetric exponential random variables are in both classes (logarithmi¬ 
cally concave and logarithmically convex tails) and methods described in this note allow 
to avoid many technical calculations presented in [T] for this particular case (cf. Theorem 
[D and Remark [3] with Theorem 3.4 in CD- 

One of the main tools in the study of random chaoses is the decoupling technique (cf. 
the monograph |2j for its various applications). It states that the asymptotic behaviour 
of the homogeneous chaos S is the same as of its decoupled counterpart S defined by the 
formula 

n 

S:= E 

h,—,id =1 

where (Xf)i <i< n , j = 1,..., d are independent copies of the sequence (Xj)j< re . In particular 
the result of Kwapieii [6] (see also [3] for its more general version) says that for any 
symmetric multiindexed matrix (a,^...^) such that ai lt .. i d = 0 whenever iy. = ij for some 
k / l and any p > 1, 

^||%<||S|| p <C(d)||S|| p , (2) 

where C(d) is a positive constant, which depends only on d. 

Before we state main results we need to introduce some notation. By C (resp. C(d)) we 
denote positive universal constants (positive constants depending only on the parameter 
d). In all cases values of constants may differ at each occurrence. To simplify the notation 
we write A ~ B (A B ) if ^A < B < CA ( A < B < C(d)A resp.). 

The pth moment of a random variable X is ||X||p = E|X| P . 

For i € {1,..., n} d and I C [d] := {l,...,d} we write i/ := ( ik)kei■ For I C [d] by 
V(I) we denote the family of all partitions of I into pairwise disjoint subsets. If J = 
{Ii ,..., Ik} E 'P(I) and (cq) is a multiindexed matrix we set 

II ( a i) ll>7 = ll( a i)i/ll J" : =sup j $>11^ : ^2 x l, <^A<l<k 

{ h 1=1 R 

Now we are ready to state our main theorem. 
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Theorem 1. Let be independent symmetric r.v’s with logarithmically convex 

tails such that E|AfA| 2 = 1 for all i,j. For any multiindexed matrix (ai) and any p > 2 we 
have 


T, a ‘ x l---K 


i /p 


ee e 


Tc[d] i/ J&T(I C ) 


jei 


i tv 


E E ^ EiiM-i&IIKi 


ic[d]jeV(i c ) 




Remark 1 . Theorem |T] (and ([ 2 ])) may be used to obtain two-sided estimates for moments 
of nonhomogeneous chaoses of the form 


d n 

•s=E E < . 

j =0 


where a^ is a number and (aj^ t j = 1 ,... ,d are multiindexed matrices such that 

aj i ■ =0 if ik = i\ for some I < k < l< j). Indeed, in this case we have (cf. (Q Lemma 
2] or [II Proposition 1.2]) 


1 

W) 


d 

n 


d 

n 

E 

S .V Y o • 

■■Xi. 

l 3 

< n% < E 

V a>. . X u ■■■Xi . 

3=0 

zi. ,ij —1 


p '- 0 

i \ —1 


Remark 2. Theorem Q] yields also tail bounds for chaoses based on symmetric r.v’s with 
logarithmically convex tails. Obviously we have 1P(|*S'| > e||5|| p ) < e~ p . Moreover, if 
11 S 11 2 p < A||5|| p for all p > 2 then by the Paley-Zygmund inequality it is not hard to show 
that P(|<S'| > ||5|| P /C'(A)) > e~ p for p > p( A). Observe also that if ||JQ|| 2 p < /r||AQ.||p for all 
i then, by Theorem[[] 11S’11 2 p < C{d)p d \\S\\ p . 

Remark 3. Suppose that functions p \\Xj || p grow at most exponentially, i.e there exist 
constants a, f3 such that 


\\X{ ||p < ae/ jp for all i < n, j < d and p> 2. 


Then for p > 2, 


E E p' J ' n 


) 1 /P 


~d,a,/3 


Y P l ‘ 7 |/ 2 max||(a i )i /c || i7 JJlI^.Hp 
IC[d\j£V(I c ) 11 j£l 
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To see this, observe first that for any 7 > 0 and p > 3, 


\x\Up < he \\A \\x 


2/p MM l-2/p 


^2 ll^ll^oo 


= We-^x 


1 2 tv 

\l 2 


2jp 

ep~ 2 x 


1 - 2 /p 


p — 2 


<- \\e-™x , 2 + 

p p 


2r W 

e p ~ 2 x 


<e 7p ||x||£2 + e 67 ||x||^ 


Therefore 


\\x\\ £P < C(j) (e ^\\x\\ P + \\x\\ e ~) for p > 2. 

Fix / C [d] and J7” € V(I C ). We have pl^l/ 2 e _p < p d / 2 e~ p < C{d) and 

E <E“ 2|,le2 '”’ m E“i = “ 2| ' le2,ip|,| ii(“')ii 

h \ jel f i / i/c 

Hence d3]) , applied with 7 = d,6 + 1, yields 

i/p 


( 3 ) 


{[<*]}• 




Ol / 2 


EiK^i&nii^. 


p 
: j up 


je/ 


< C{d,a,f3 ) ^||(ai)||{[d]} + p |l7|/2 max ||(oi) i/c ||j ||Xy lip 

Example 1. Observe that ||(« 7 ')||{i, 2 } is the Hilbert-Schmidt and ||(ajj)||{i},{ 2 } the opera¬ 
tor norm of a matrix (ay). Thus ((2|) and Theorem Q] yield the following two-sided estimate 
for chaoses of order two ((ay) is a symmetric matrix with zero diagonal), 


n 


n 

a i,jXiXj 

r^j 

E a <i x t x 1 

i,j =1 

p 

i,j =1 


p/2 N 


i/p 


p\\{ai,j)\\op + p 1/2 \\(ai,j)\\HS + P 1/2 I ( E a 

i/p 


+ E M'llv.pv 


P 
lllp 




Example 2. If Xj have symmetric exponential distribution with the density ie l x l then 
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\Xi\\ p = T( P +iy/p ~ p and we obtain by Theorem [T] and Remark [3] 


E - 


~,E E ^ |/|+IJI/2 

|E ik^ii j 

i 


p /c[d]yep(/ c ) 

w 



E ^ IWI/2 

max||(ai) i/c ||y. 



/c[«q Jer(i c ) 

1 I 


i tv 


Example 3. If Xj have symmetric Weibnll distribution with scale parameter 1 and shape 
parameter r £ (0,1], i.e. P(|Xj| > t) = exp(— t r ) for t > 0 then ||X,;|| p = T(p/r + 1) 1 / p and 


E°i*‘. '"V 


E E 


1/p 


E 

p icldlJev^) " ' \ i/ 

However by Stirling’s formula T(p/r + l) 1//p ~ r p 1 ^ , hence 


v 

Lo\\J 


V "i-V, 1 , • • • .V 


i/p 


hE S P 


hl/r +|^|/2 


Eik< 


IIP 

i/= II JT 


p /C[d] Jev(i c ) \ii 

~d,r E E p |/|/r+l>7|/2 max || (a i )i JC || i 7 , 

/c[d]ye:P(/ c ) 1J 

where the last estimate follows from Remark [3l 

Theorem [T] may be used to derive upper moment and tail bounds for chaoses based 
on variables whose moments are dominated by moments of variables with logconvex tails. 
Here is a sample result in such direction. 

Corollary 2. Let r € (0, 1], A < oo and suppose that (^/)i<n,/<d are independent centred 
r.v’s such that ||.X||| p < Ap l ' r for all i,j and p> 2. For any multiindexed matrix (af) and 
any p > 2 we have 


E“iT,- 

i 

Moreover for t > 0, 

*(e 


K 


<C(r,d)A d ^2 E f’ |/|/r+l ' 7l/2n ] ax IK a i)i^ll^- 

ic[d\jev(i c ) 11 


( 4 ) 


0-iXl---X d 


> t 


< 2 exp — min min 


ic[d\J&V{i c ) \C'(r , d)H d max ir || (ai)i /c ||y 


2 r 

2|/|+r|j7| 


( 5 ) 
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2 Proofs 


The following result was established by Hitczenko, Montgomery-Smith and Oleszkiewicz 
[1] (see 0 Example 3.3] for a simpler proof). 


Theorem 3. Let Xj be independent symmetric r.v’s with logarithmically convex tails. Then 
for any p > 2, 

n / n \ VP / n \ 

d^E|X,|P +^5 EE*? - 


E*< 

i =1 


\i =1 


\i =1 


Since ||g|| p ~ yfp for p > 2 and standard normal A7(0,1) r.v. g we immediately get the 


following corollary. 


Corollary 4. Let X{ be independent symmetric r.v’s with logarithmically convex tails and 
variance one and let gi be i.i.d. standard normal A7(0,1) r.v’s. Then for any scalars ai, 


n 

/ n \ 1 /P 

n 


~ ^|oil P E|^| p + 


i =1 

p \i =1 / 

i =1 


Remark 4. Both Theorem [3] and Corollary [4] may be viewed as some versions of the Rosen¬ 
thal inequality. Note however that, contrary to Rosenthal’s bound, provided estimates are 
sharp up to universal constants that do not depend on p. 

Proposition 5. Let )j<nj<d be as in Theorem\l\ and ( 9i)i<n,j<d be i.i.d. standard 
normal A7(0,1) r.v’s. For any multiindexed matrix (a[) and any p > 2 we have 




■ x: 


I'd 







j£l c 


1 tv 


n k 


( 6 ) 


jei 


Proof. We proceed by induction with respect to d. For d = 1 the estimate follows by 
Corollary [4] 

To show the induction step assume that d > 1 and the bound holds for d — 1. By 
Corollary 0] applied conditionally we get 


i 

/ 
V 


E-W 


yd—l d 


+ E 




E 


■X, 


d -1 
id -1 


‘[d-1] 


i tv 


\X d || p 
I II V 


(7) 


6 


































The conditional application of the induction assumption yields 




E E 

yl<z[d- 1] i/ 


E^II 

i/ c fG/ c 


1/p 


n k 


( 8 ) 


jei 


and for any 

E“'^i"' x E! 


‘[d-l] 


E E 

/C[rf— 1] i/ 


e ^ n d 

*[d—1]\/ j'e[d-l]V 


1/p 


n K 

jei 


Estimates ©-(HU) imply 


(9) 


□ 


Theorem [T] immediately follows by Proposition [5] and the following two-sided bound for 
moments of Gaussian chaoses [8]. 


Theorem 6. For any d and p> 2 we have 




■9i d 


yy piEi/ 2 j 
j&vm 


l a 0ll.7- 


Proof of Corollary [H Obviously it is enough to show (J4]) for p = 21, l = 1, 2,.... Let Y? , 
/ > l.j = l,...,d be i.i.d. symmetric Weibull r.v’s with scale parameter 1 and shape 
parameter r and let (e*) be i.i.d. symmetric ±1 r.v’s, independent of the sequence (W). 
We have (see Example 3) ||X| || p = ||£jX7||p < Ap x l r < C(r)A\\Y? || p for all p > 2. Thus, 
for any positive integer l and any scalars (6j), 


E W 


< 2 


21 


E b ‘ e ‘ x i 


< 2C(r)A 

21 


EW 


21 


where the first inequality follows by the standard symmetrization argument (cf. j]2J Lemma 
1.2.6]). Easy induction shows that 


E aiX ‘, ■ 

■K 

< (2 C{r)A) d 

E 

i 


21 

i 


and ([4]) (for p = 21) follows by Example 3. 

The tail bound © follows by © and Chebyshev’s inequality. 


□ 
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